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Abstract

The two-dimensionalmathematicalmodel of water-based hybrid nanofluid, where the nanopar-
ticles of the model are alumina (Al2O3) and copper (Cu) is analyzed in this article. It describes
the heat and mass transfer which are induced by concentration and temperature differences,
respectively. The current mathematical model extended the works by implementing both direc-
tions of moving sheet in the boundary conditions: stretching and shrinking, and use the expo-
nential variations of the sheet velocity, temperature, and concentration of the hybrid nanofluid at
the sheet. The final numerical solutions can be obtained by implementing Matlab bvp4c, which
involves the step of choosing themost reliable solution in an actual fluid situation. This selection
technique on numerical solutions is known as stability analysis and only needs to apply when
more than one numerical solution appears in the Matlab bvp4c program. Finally, the control-
ling parameters such as nanoparticle solid volume fraction, suction, shrinking/stretching, Soret
and Dufour cause an increment or decrement in the flow, heat and mass transfer in the hybrid
nanofluid. For the stable solution, fluid velocity becomes slower whereas temperature and con-
centration of the fluid increase when the percentage of Cu, as well asAl2O3, rises into the water.
Moreover, in case of local Nusselt number and local Sherwood number it is proved that Soret
effect is the opposite phenomenon of Dufour effect.

Keywords: hybrid nanofluid; alumina, copper; Soret and Dufour effects; viscous dissipation;
Matlab bvp4c; stability analysis.
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1 Introduction

Several applications of heat transfer in the fluid flow in the field of engineering and industries
require high thermal conductivity. However, regular fluid does not have this feature. To produce
better thermal conductivity in the fluid, scientists have proposed to add nanometer-sized particles.
This fluid type is known as nanofluid, initially introduced by Choi and Eastman [8]. In recent
times, Ghasemian et al. [16] researched with viscoelastic Maxwell/Buongiorno non-Newtonian
nanofluid that flows inside a circular cylinderwhich follows Buongiornomodel. Mixed convection
and conjugate conduction heat transfer rate of nanofluid applyingManninen’s two-phase mixture
model experimentally explored by Hoseininejad et al. [19]. However, an upgraded nanofluid is
recognized as hybrid nanofluid, and prepared by combining at least 2 nanoparticles into the base
fluid. The hybrid type has a higher rate for the most properties compared to the conventional
nanofluid, such as thermal conductivity, dispersion stability among particles, Brownian motion
among particles, and heat transfer over the fluid and nanoparticles [9]. The main applications
of hybrid nanofluid are observed in solar energy devices [25], air conditioning systems [2], heat
exchangers [23], and heat pipes [51]. The various types of nanoparticles that occur in hybrid
nanofluid are metallic particles, non-metallic particles, and carbon nanotubes [44]. Dinarvand et
al.[12], Berrehal et al. [7], and Jabbaripour et al.[22], MgO − Ag/H2O, Fe3O4 − GO/H2O, and
Al − Cu/H2O hybrid nanofluid gradually in their study. Saeed Dinarvand [10] experimented
with D by using novel hybridity model.

In this research we focused on the well-known hybrid nanofluidAl2O3−Cu/H2O,since their mix-
ture will produce great physical properties of hybrid nanofluid. This is because both nanoparti-
cles have strengths and weaknesses. Alumina has good stability and chemical inertness, but with
lower thermal conductivity. Meanwhile, copper possess high thermal conductivity, butwith lower
stability and reactivity. Therefore, the dispersion of alumina and copper can overcome the weak-
nesses of both nanoparticles, for the greater function of hybrid nanofluid. The numerical reports
of Al2O3 − Cu/water hybrid nanofluids over a stretching/shrinking surface have been reported:
1) subjected to the convective boundary condition [46], slip condition [6, 26], or thermal radi-
ation [47], 2) represented as mixed convection model [48], and 3) when a magnetic dipole is
implemented on hybrid nanofluid [17]. The flow of hybrid Al2O3 − Cu/water nanofluids in the
various geometries also being published, such as rotating plate [13], porous micro-channel [3],
convergent/divergent channel [28], and cylinder [15, 20], bricks [20], and platelets [20].

Viscous dissipation is defined as the work done by a fluid on adjacent layers to generate heat, due
to the effect of shear forces [34]. This effect is mostly applied to polymer processing known as
injection molding [39]. The hybrid nanofluid water-based fluid flow (nanoparticles Al2O3 and
Cu)over a stretching/shrinking sheet have been investigated [5, 29], subjected to the presence of
viscous dissipation. A nonlinear sheet velocity is implemented by Lund et al. [29] specifically on
shrinking case. The magnetic field effect was analyzed by Zainal et al. [50] and Aly and Pop [5],
for exponential velocity sheet [50] and with the occurrence of stagnation point and partial slip
[5]. Besides, the effect of various temperature dependent viscosity for linear sheet velocity have
been studied by Venkateswarlu and Satya Narayana [45]. Meanwhile, the heat transfer analysis in
Cu−Al2O3/H2O hybrid nanofluid bounded by the various geometries, such as thin needle [27],
stretching disk [14], rotational disk [43], circular cylinder [41], and porous channel [4] have been
discussed, together with the impact of viscous dissipation. However, another types of nanopar-
ticles (differed from the mixture of Al2O3 and Cu) in a hybrid nanofluid have been described,
which is affected viscous dissipation. These study relate to the mixture of silver (Ag) and copper
(Cu) [24], iron oxide (Fe3O4) and cobalt ferrite (CoFe2O4) [42], copper (Cu) and iron oxide
(Fe3O4) [30], and silver (Ag) and alumina (Al2O3) [33].
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Soret and Dufour effects are defined as mass and heat transfer in the fluid flow. The tempera-
ture gradient causes changes in concentration, and the mass is transferred (Soret effect). Besides,
heat is transferred in the Dufour effect due to the concentration differences. These effects (Soret-
Dufour) are coupling process and simultaneous. The numerical studies regarding the Soret-
Dufour effects in hybrid nanofluid flow have been published recently [1, 35]. Investigation of
stagnation point impact on water based hybrid nanofluid, whereAl2O3 and Cu are the nanoparti-
cles have been reported by Abad et al. [1]. The model developed by Abad et al. [1] represents the
hybrid nanofluid which flows over a cylinder embedded in a porous medium. The water-based
hybrid nanomaterials aluminum alloy (AA7075) and titanium alloy (Ti6Al4V ) were selected by
Nisar et al. [35], with the effects of thermal radiation. The model proposed by Nisar et al. [35] is
directed stream-wise, together with cross flow. The two nanoparticles (Fe3O4 and TiO2) hybrid
nanofluid with transformer oil were described by Raju et al. [38], where two rotating stretched
disks bound this nanofluid. The model introduced by Raju et al. [38] was subjected to activa-
tion energy and cross-diffusion impacts. Meanwhile, the effects of activation energy and entropy
generation on the magnetohydrodynamics methanol-based hybrid nanofluid with nanoparticles
SiO2 and Al2O3, bounded by a curved stretching sheet have been studied by Revathi et al. [40].

The application of stability analysis has frequently been used to mathematically validate the so-
lution’s reliability. Merkin [32] was the one who first looked into dual solutions and did stability
analysis. The upper branch of the solutions was found to be stable, whereas the lower branch
was found to be unstable. Weidman et al. [49], on the other hand, investigated the transpiration
impact in boundary layer flow past a semi-infinite permeable moving plate. Since they obtained
dual numerical solutions, the stability of the solutions is acquired depend on linear disturbances
of the steady similarity solutions. After that, several investigations involving the stability analysis
in boundary layer flow in a hybrid nanofluids [11, 21] are completed . Recently, Izady et al. [21]
and Dinarvand et al. [11] reported with aqueous Fe2O3 − CuO and MgO − Ag/water hybrid
nanofluid gradually considering dual solutions. All of them applied stability analysis and con-
cluded that the solutions are stable when values of the smallest eigenvalue are positive while the
solutions are unstable with negative smallest eigenvalue.

From the above literature review, only one team of researchers [35, 40] reported Soret-Dufour cou-
pled parameters’ effect on the hybrid nanofluid system bounded by stretching/shrinking sheet.
Therefore, this paper fills this gap by inserting the impacts of Soret-Dufour in the mathematical
model solved by Lund et al. [29] by implementing the following steps: 1) introduce concentration
equation at the governing equation, to express themathematical formulation of the system, and 2)
include the variables which related to the Soret and Dufour parameters in the components of gov-
erning equations (energy and concentration) such as mean fluid temperature, thermal diffusion
ratio, concentration susceptibility, mass diffusivity, and specific heat at constant pressure. Besides,
the current mathematical model in this paper also extended the works by Lund et al. [29] by per-
forming these action: 1) implement both direction of moving sheet in the boundary conditions:
stretching and shrinking, instead of only solve shrinking case [29], and 2) use the exponential
variations of the velocity, temperature, and concentration of the hybrid nanofluid at the sheet. All
of these steps are motivated from the article published by Parvin et al. [36, 37], by substituting
the term of Casson fluid to hybrid nanofluid and adding the stability analysis section.
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2 Methodology

2.1 Mathematical formulation

A steady two-dimensional model of hybrid nanofluid flow is displayed in Figure 1, where x-
axis is placed in vertical vector and y-axis is a horizontal vector. The vector of increasing +x-axis is
referred to the direction of the stretching sheet, whereas decreasing +x-axis is denoted as a direc-
tion of shrinking sheet. The sheet velocity is presented as u = λuw(x) = λU0e

x
L where uw(x) is the

stretching or shrinking velocity . In the sheet velocity equation, the symbols such as U0, L, λ > 0,
and λ < 0 are the reference velocity, reference length, stretching parameter, and shrinking pa-
rameter, respectively. The sheet temperature is denoted by Tw(x) = T∞ + T0e

x
2L where T0 is

the parameter of the temperature distribution and the adjacent temperature is T∞. Meanwhile,
Cw(x) = C∞ + C0e

x
2L where C0 is the parameter of the concentration distribution and C∞ indi-

cate the fluid concentration at the sheet and adjacent to it. Copper and alumina nanoparticles are
suspended in water (base fluid) and formed Cu−Al2O3/H2O hybrid nanofluid.

Figure 1: Physical model and coordinate system.

The momentum equation (2) are considered fromWaini et al. [46] and Lund et al. [29]. Next,
the energy equation (3) is extended from Lund et al. [29] by adding the second-order concentra-
tion term along the y-axis at the right side. The concentration equation (4) is taken from Parvin
et al. [36, 37]. Therefore, the initial mathematical formulation of the fluid flow model is:

∂u

∂x
+
∂v

∂y
= 0, (1)

u
∂u

∂x
+ v

∂u

∂y
=
µhnf

ρhnf

∂2u

∂y2
, (2)

u
∂T

∂x
+ v

∂T

∂y
=

khnf
(ρCp)hnf

∂2T

∂y2
+

µhnf

(ρCp)hnf

(
∂u

∂y

)2

+
DmKT

CsCp

∂2C

∂y2
, (3)

u
∂C

∂x
+ v

∂C

∂y
= Dm

∂2C

∂y2
+
DmKT

Tm

∂2T

∂y2
, (4)

where u, v are the components of velocity in the x, y directions respectively. Other symbols such as
Dm,KT , T , C, Cs, Cp and Tm are denoted as mass diffusivity, thermal diffusion ratio, temperature
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of the hybrid nanofluid, concentration of the hybrid nanofluid, concentration susceptibility, spe-
cific heat at constant pressure and mean fluid temperature, respectively. Meanwhile, µhnf , ρhnf ,
khnf , (ρCp)hnf characterize the dynamic viscosity, density, thermal conductivity, and heat capac-
ity of the hybrid nanofluid respectively. The derived quantities for hybrid nanofluid are tabulated
in Table 1, whereas the related values for the components of the hybrid nanofluid (base fluid and
its nanoparticles) are presented in Table 2.

Table 1: The derived quantities of hybrid nanofluid [29, 46, 47, 48].

Properties Hybrid nanofluid

Density ρhnf =

{
(1− φ2)

[
(1− φ1) +

φ1ρn1
ρf

]
+
φ2ρn2
ρf

}
ρf

Heat capacity (ρCp)hnf =

{
(1− φ2)

[
(1− φ1) +

φ1 (ρCp)n1
(ρCp)f

]
+
φ2 (ρCp)n2
(ρCp)f

}
× (ρCp)f

Dynamic viscosity µhnf =

{
1

(1− φ1)
2.5

(1− φ2)
2.5

}
µf

Thermal conductivity khnf =
kn2 + 2knf − 2φ2 (knf − kn2)

kn2 + 2knf + φ2 (knf − kn2)
× kn1 + 2kf − 2φ1 (kf − kn1)

kn1 + 2kf + φ1 (kf − kn1)
× kf

Table 2: The physical values for the base fluid and nanoparticles [29, 46, 47, 48].

Physical properties Unit Fluid(water) Al2O3 Cu
Density ρ kg/m3 997.1 3970 8933
Specific heat at constant pressure Cp J/(kg.K) 4179 765 385
Thermal conductivity k W/(m.K) 0.613 40 400

Here, subscript f , nf , hnf , n1, n2 indicates the base fluid, nanofluid, hybrid nanofluid, solid
component for the first nanofluid, and solid component for the second nanofluid respectively.
Also, φ1 and φ2 are the volume fractions of Al2O3 and Cu nanoparticles respectively.

The appropriate boundary conditions are:

At the sheet y = 0 :

u = λuw(x) = λU0e
x
L , v = vw(x) =

[
−
(
υU0

2L

) 1
2

e
x
2L

]
S,

Tw(x) = T∞ + T0e
x
2L , Cw(x) = C∞ + C0e

x
2L . (5)

Far from the sheet as y → ∞,

u→ 0, T → T∞, C → C∞,

where S is the suction parameter, vw(x) is the mass transfer velocity and υf is the kinematic vis-
cosity of the base fluid.
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The related similarity variables are represented as [36, 37]:

η = y

(
U0

2υfL

) 1
2

e
x
2L , θ(η) =

T − T∞
Tw − T∞

, ϕ(η) =
C − C∞

Cw − C∞
,

ψ(x, y) = (2υfLU0)
1
2 e

x
2L f(η) where u =

∂ψ

∂y
, v = −∂ψ

∂x
, (6)

where ψ = (x, y) denotes the stream function.

The equation equation (6) is substituted into equations (2) - (5) to obtain the following equa-
tions: (

µhnf

µf
× ρf
ρhnf

)
(f ′′′ (η))− 2 (f ′ (η))

2
+ f(η)f ′′(η) = 0, (7)

(ρCp)f
(ρCp)hnf

×
[(

1

Pr

)(
khnf
kf

)
θ′′(η) +

(
µhnf

µf

)
(Ec) (f ′′ (η))

2
]

−f ′(η)θ (η) + f(η)θ′(η) +Db (ϕ′′ (η)) = 0,

(8)

1

Sc
ϕ′′ (η) + Srθ′′(η)− f ′ (η)ϕ(η) + f(η)ϕ′(η) = 0, (9)

and

f ′(η) = λ, f(η) = S, θ(η) = 1, ϕ(η) = 1, when η = 0,

f ′(η) → 0, θ(η) → 0, ϕ(η) → 0, when η → ∞. (10)

The parameters involved in this model are presented in Table 3:

Table 3: List of governing parameters.

Mathematical Formulation Name

Pr =
µf (Cp)f

kf
Prandtl number

Sc =
υf
Dm

Schmidt number

Sr =
DmKT (Tw − T∞)

Tmυf (Cw − C∞)
Soret number

Db =
DmKT (Cw − C∞)

CsCpυf (Tw − T∞)
Dufour number

Ec =
U2
0

Cp(Tw − T∞)
Eckert number

The physical quantities namely as skin friction coefficient Cf , local Nusselt number Nux and
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local Sherwood number Shx are defined as:

Cf =
µhnf

ρfU2
0

(
∂u

∂y

)
y=0

,

Nux =
−Lkhnf

kf (Tw − T∞)

(
∂T

∂y

)
y=0

,

Shx =
ρhnf
ρf

L

(Cw − C∞)

(
−∂C
∂y

)
y=0

.

(11)

Using equation (6) into equation (11), we obtain,

Cf

√
2Rexe

− 2x
L =

µhnf

µf
f ′′(0),

Nux

√
2

Rex
= −khnf

kf
θ′(0),

Shx

√
2

Rex
= −ρhnf

ρf
ϕ′(0),

(12)

where Rex =
LU0

υf
e

x
L is the Reynolds number.

2.2 Stability analysis

Dual solutions for the above equations have been obtained for certain values of the parameters
as in Table 3. Therefore, the most stable numerical solution over time is selected by performing
a temporal stability analysis. So, the unsteady state for initial mathematical formulation are as
follow:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=
µhnf

ρhnf

∂2u

∂y2
, (13)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
=

khnf
(ρCp)hnf

∂2T

∂y2
+

µhnf

(ρCp)hnf

(
∂u

∂y

)2

+
DmKT

CsCp

∂2C

∂y2
, (14)

∂C

∂t
+ u

∂C

∂x
+ v

∂C

∂y
= Dm

∂2C

∂y2
+
DmKT

Tm

∂2T

∂y2
. (15)

A non-dimensional time variable τ is introduced [49] in the new similarity variables:

θ(η, τ) =
T − T∞
Tw − T∞

, ϕ(η, τ) =
C − C∞

Cw − C∞
, ψ(x, y) = (2υfLU0)

1
2 e

x
2L f(η, τ),

η = y

(
U0

2υfL

) 1
2

e
x
2L , τ =

U0t

2L
e

x
L , u = U0e

x
L
∂

∂η
f(η, τ),

v = −U0

2L
ye

x
L
∂

∂η
f(η, τ)− 1

2L
(2υfLU0)

1
2

[
U0

L
te

3x
2L

∂

∂τ
f(η, τ) + e

x
2L f(η, τ)

]
.

(16)

The substitution of equation (16) into equations (13) - (15) produce:(
µhnf

µf

)(
ρf
ρhnf

)(
∂3f

∂η3

)
+ 2τ

[
∂f

∂τ

∂2f

∂η2
− ∂f

∂η

∂2f

∂η∂τ

]
+ f

∂2f

∂η2
− ∂2f

∂η∂τ
− 2

(
∂f

∂η

)2

= 0, (17)
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(ρCp)f
(ρCp)hnf

×

[(
khnf
kf

)(
1

Pr

)
∂2θ

∂η2
+ Ec

(
µhnf

µf

)(
∂2f

∂η2

)2
]

+ 2τ

[
∂f

∂τ

∂θ

∂η
− ∂f

∂η

∂θ

∂τ

]
+ f

∂θ

∂η
− θ

∂f

∂η
− ∂θ

∂τ
+Db

∂2ϕ

∂η2
= 0,

(18)

(
1

Sc

)
∂2ϕ

∂η2
+ 2τ

[
∂f

∂τ

∂ϕ

∂η
− ∂f

∂η

∂ϕ

∂τ

]
− ∂ϕ

∂τ
+ f

∂ϕ

∂η
− ϕ

∂f

∂η
+ Sr

∂2θ

∂η2
= 0, (19)

with boundary conditions:

∂f

∂η
(η, τ) = λ, f(η, τ) = S, θ(η, τ) = 1, ϕ(η, τ) = 1, at η = 0,

∂f

∂η
(η, τ) → 0, θ(η, τ) → 0, ϕ(η, τ) → 0, as η → ∞. (20)

Following Weidman et al. [49] to determine the steady flow, we take

f(η, τ) = f0(η) + e−γτF (η, τ),

θ(η, τ) = θ0(η) + e−γτG(η, τ),

ϕ(η, τ) = ϕ0(η) + e−γτH(η, τ),

(21)

where γ denotes an unknown eigenvalue, and F (η, τ), G(η, τ) and H(η, τ) are small relative to
f0(η), θ0(η) and ϕ0(η). Next, we substitute equation (21) into equation (17) - (19) and set τ = 0.
As a result, the following equations are obtained:(

µhnf

µf

)
×
(

ρf
ρhnf

)
F ′′′ + f0F

′′ + Ff ′′0 + γF ′ − 4f ′0F
′ = 0, (22)

(ρCp)f
(ρCp)hnf

×
[(

khnf
kf

)(
1

Pr

)
G′′ + 2Ec

(
µhnf

µf

)
f ′′0 F

′′
]

+ f0G
′ −Gf ′0 + Fθ′0 − θ0F

′ + γG+ (Db)H ′′ = 0,

(23)

1

Sc
H ′′ + f0H

′ −Hf ′0 + ϕ′0F − ϕ0F
′ + γH ′ + SrG′′ = 0. (24)

The boundary conditions are:

At η = 0,

F ′(0, τ) = 0, F (0, τ) = 0, G(0, τ) = 0, H(0, τ) = 0.

As η → ∞,

F ′(η, τ) → 0, G(η, τ) → 0, H(η, τ) → 0. (25)

The initial boundary condition F ′(η, τ) → 0 as η → ∞ is relaxed for the recent problem.
Previous researchers [18] have described the relaxation strategy for boundary conditions. Lastly,
the equations (22) - (24) together with the new boundary condition F ′′

0 (0) = 1 are calculated
using Matlab bvp4c program.
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3 Results and Discussion

Transformed ordinary differential equations (7) to (9) alongwith the boundary condition (10)
produce numerical solutions through Matlab bvp4c solver. The assumption of the initial guess
value and the boundary layer thickness, ηwith the various values of the parameters are employed
to find the required solutions. The impact of first nanoparticles solid volume fraction φ1 second
nanoparticles solid volume fraction φ2, Soret number Sr, and Dufour number, Db are displayed
by velocity f ′(η) temperature θ(η) or concentration profile ϕ(η) as well as, skin friction coefficient
Cf

√
2Rexe

− 2x
L , local Nusselt number Nux

√
2/Rex, or local Sherwood number Shx

√
2/Rex. In

the current study, boundary layer thickness η = 10 is considered for velocity profile and η = 15
is chosen in the case of temperature and concentration profiles. The volume fraction of Al2O3

nanoparticles φ1 = 0.1, volume fraction of Cu nanoparticles φ2 = 0.4 suction parameter S = 4.0,
shrinking parameter λ = −1.0, Soret number Sr = 0.2, Schmidt number Sc = 0.1, Dufour number
Db = 2.5, Eckert number Ec = 0.2, Prandtl number Pr = 2.0 are considered unless otherwise
declared. In this research, primarily, the nanoparticle of Al2O3 is added to the water with a 0.1
solid volume fraction. Subsequently, Cu is added with 0.4 solid volume fractions to form the Cu-
Al2O3/water hybrid nanofluid. Besides, Coper and alumina are mixed with water in different
ratios (0 ≤ φ1 ≤ 0.425 and 0 ≤ φ2 ≤ 0.65).

Table 4 shows a comparison of the current datawith previously published literature [48, 31] for
the validation of the current model. In the current research, the physical quantities f ′′(0) decrease
with the increasing S which is in great agreement with prior researchers. Table 5 is also created in
order to validate the outcomes of the heat transfer rate for Al2O3 - Cu/water hybrid nanofluid for
several values of suction parameters, first and second nanoparticles volume fraction. The results of
the current study are compared to the results of Lund et al. [29] and found in excellent agreement.

Table 4: Values of f ′′(0) against S when Sr = Db = Ec = Sc = 0.0, Pr = 6.2, ϕ1 = ϕ2 = 0 (regular fluid) and λ = 1(stretching
case).

S

f ′′(0)

Magyari and Keller [31] Waini et al.[48] Present
(shooting method) (bvp4c Matlab) (bvp4c Matlab)

0 -1.281808 -1.28181 -1.28180
1 -1.84983 -1.84987
2 -2.60484
3 -3.44528

Table 5: Values of −θ′(0) over the shrinking surface (λ = −1.5) and Pr = 6.2,Ec = 0.1 for different values of S, ϕ1 and ϕ2.

S
ϕ1 ϕ2 −θ(0)

(Cu water) (Al2O3 water) Lund et al. [29] Present
3.4518 0.10 0.10 8.330535 8.330536
3.1715 0.10 0.00 11.664798 11.664789
3.3031 0.05 0.05 11.769647 11.769645
3.3021 0.01 0.05 13.612244 13.612249
3.3022 0.00 0.05 14.123427 14.123467

291



S. S. P. M. Isa et al. Malaysian J. Math. Sci. 17(3): 283–304(2023) 283 - 304

The effect of Cf

√
2Rexe

− 2x
L , Nux

√
2/Rex and Shx

√
2/Rex againts λ < 0 and λ > 0 for dif-

ferent ϕ2 values are illustrated in Figures 2 - 4. For the second solution, Cf

√
2Rexe

− 2x
L (Figure 2)

Nux
√
2/Rex (Figure 3) decrease and Shx

√
2/Rex (Figure 4) increases with the rise of ϕ2. At the

same time, the first solution of Nux
√
2/Rex declined and Shx

√
2/Rex inclined with inclined ϕ2,

but dual behaviors are observed forCf

√
2Rexe

− 2x
L . The variation ofCf

√
2Rexe

− 2x
L declines in the

stretching area (λ > 0) and is inclined to the shrinking area (λ < 0) (Figure 2). Moreover, in three
Figures 2 - 4, all the critical point exists in the shrinking region (λ < 0), namely λ1 = −3.6201,
λ2 = −3.802 and λ3 = −3.9 for ϕ2 = 0.05, 0.1 and 0.2 respectively. On both branch solutions,
the values of Cf

√
2Rexe

− 2x
L are larger in the shrinking zone (λ > 0) than in the stretching zone

(λ < 0), as shown in Figure 2.

Figure 2: Effect of ϕ2 and λ on Cf

√
2Rexe

− 2x
L .

Figure 3: Effect of ϕ2 and λ on Nux

√
2/Rex.
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Figure 4: Effect of ϕ2 and λ on Shx

√
2/Rex.

Figures 5 and 6 describe the variations ofNux
√
2/Rex and Shx

√
2/Rex againstDb parameter

for three different values of Sr. It is noticed from Figure 5 that the first solution of Nux
√
2/Rex

slightly increased near the sheet and decreased for large Db with enhancing Sr, whereas the sec-
ond solution decreased in all the range of Db. Both solutions in Nux

√
2/Rex continuously go

down with the augmentation of Db (Figure 5). On the other hand, both solutions act oppositely
in Figure 6 compare to Figure 5. The reason is that Db (diffusion-thermo) is the opposite phe-
nomenon of Sr (thermal diffusion). The first solution of Shx

√
2/Rex goes down for small Db

and reverse for large Db with the addition of Sr while the second solution goes up for all the
values of Db (Figure 6).

Figure 5: Effect of Db and Sr on Nux

√
2/Rex.
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Figure 6: Effect ofDb and Sr on Shx

√
2/Rex.

The f ′(η) profiles are presented for different values of ϕ1(Figure 7) and ϕ2 (Figure 8). All the
profiles asymptotically satisfy the boundary conditions (equation 10), indicating that the numer-
ical results are valid. There is no fluid velocity for the bigger boundary layer thickness (η → ∞).
So, the fluid becomes stable as it goes far from thewall. In Figures 7 and 8, the growth in ϕ1 and ϕ2
led to the decrement of the velocity (first solution). Therefore, fluid velocity becomes slowerwhen
the percentage of Cu, as well as Al2O3 rises into the water. With the increment of nanoparticles,
velocity falls, indicating that mass movement is slower, which may have an adverse influence on
heat transport. The second solution inclined near the wall for both figures 7 and 8 and eventually
its behavior becomes opposite for growing boundary layer thickness. In two cases (Figure 7 and
8), for the second solution minimum peak exists near the wall and gradually it increases up to
zero value for large η (η → ∞).

Figure 7: The f ′(η) profile for various values of ϕ1.
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Figure 8: The f ′(η) profile for various values of ϕ2.

Figures 9 to 12 show the θ(η) profiles for various values of different parameters against η. The
field of θ(η) is portrayed due to the governing parameters ϕ1 (Figure 9), ϕ2 (Figure 10),Db (Figure
11) and Sr (Figure 12). In Figures 9 and 10, when the velocity ratio parameters ϕ1, and ϕ2 are
increased, the fluid velocity rises (for the stable solution). The second solution declined near the
shrinking sheet and reversewhen far from the sheet (Figures 9 and 10). Moreover, with increasing
Db, the fluid velocity goes up for both solutions (Figure 11). LargeDb raises the temperature and
thickness of the thermal layer (Figure 11). Increment of Dufour number decrease the thermal
resistancewhich lead to the addition of the surface temperature. However, Soret numberSr causes
the temperature of the first solution to reduce at the smaller thermal boundary layer thickness, and
it changes its pattern at the thicker thermal boundary layer thickness (Figure 12). In all cases, the
second solution reaches the maximum point for the concentration profiles when it is very close to
the sheet (Figure 9 to 12) and fell gradually with the distance from the sheet (η → ∞).

Figure 9: The θ(η) profile against ϕ1.
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Figure 10: The θ(η) profile against ϕ2.

Figure 11: The θ(η) profile againstDb.
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Figure 12: The θ(η) profile against Sr.

Figures 13 - 15 show the ϕ(η) profiles for several physical parameters such as φ1, φ2, and Sr
respectively. In all the figures, it is noticed that the fluid concentration is high at the sheet (y = 0)
and gradually it decreases until goes to zero. So there is no concentration effect for large boundary
layer thickness (η → ∞)which satisfies the boundary condition (equation 10). From Figures 13 -
15, it is clear that when the percentage of first and second nanoparticles solid volume fraction (φ1

and φ2 and Sr increase, then the fluid concentration of the first solution also increases. However,
it acts oppositely for the second solution for the parameter φ1 and φ2 (Figures 13 and 14). For
the effect of Sr, dual behavior was observed for the second solution (Figure 15), where fluids
concentration becomes lesser near the wall and after a short distance, it started to increase with
the increment of Sr. As the value of Sr rises, the fluid concentration rises due to the role of
temperature gradients in species diffusion.

Figure 13: The ϕ(η) profile against ϕ1.
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Figure 14: The ϕ(η) profile against ϕ2.

Figure 15: The ϕ(η) profile against Sr.

Figure 16 illustrates the smallest eigenvalues γ against λ when Pr = 0.2, S = 0.4, φ1 = 0.05,
φ2 = 0.4. As mentioned in equation (21), the decrement of disturbance for increasing time causes
the fluid flow becomes stable. Meanwhile, the flow is unstable for the increment of disturbance.
The region of γ > 0 makes the flow stable whereas fluids flow is unstable when γ < 0. Figure 16
shows that the first solution is stable and the second solution is unstable and rejected. Also, when
γ → 0 both solutions go to the critical point (λc = −3.6201).
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Figure 16: Graph of the γ variation for different values of λ < 0.

.

4 Conclusion

Boundary layer flow and heat transfer of a hybrid nanofluid (Cu−Al2O3/H2O) over a perme-
able exponentially shrinking and stretching sheet is investigated. The main findings are listed as
below:

1. The validity of the current work is established by comparing the current results with previ-
ous researchers, and good agreement is observed.

2. The first solution of skin friction coefficient and both branch solutions of local Sherwood
number increase with the increment of the second nanoparticles volume fraction. Both so-
lutions of local Nusselt number and unstable solution of skin friction coefficient goes down
with the rise of the same parameter.

3. Both branch solution of local Nusselt number and the second solution of skin friction coeffi-
cient decreased with the rising values of second nanoparticles in the presence of shrinking
and stretching sheet whereas both branch solution of local Sherwood number increase.

4. A reverse trend is observed for the local Nusselt number and local Sherwood number for
both solutions with the augmentation of Soret number and stretching/shrinking parameter.

5. For the first solution, the temperature of the fluid increasewith the increment of both nanopar-
ticles and Dufour number. Dual behavior for Soret number is observed for the temperature
profile.

6. The concentration of the fluid augmented with raising both nanoparticles and Soret number
for the stable solution.

7. Checking of stability confirmed that only the first solution is stable and the second solution
is unstable.
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5 Future Direction

In the future, the additional controlling parametersmay be introduced in the present fluid flow
model. Moreover, the implementation of different nanoparticles with the higher heat transfer rate
can be considered, to find out which nanoparticles can achieve better thermal performance.
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